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()

!
\ [i=0:N, j=0:M]
Fa
‘ ................................... Data Movement
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def outer prod(A, B, C, N, M):
for i in range(N):
for j in range(M):
C[i, J] = A[i] * B[]]

...................... Computations
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{[O:P, O:H, O:B, 0:5M] > < [0:P, O:H, 0:B, 0:SM]
C[0:H, 0:B, 0:SM, 0:SM]
[0:H, 0:B, 0:5M]

" [0:H, 0:B, 0:5M, 0:5M]

¢ [0:H, 0:B, C:SM, 0:5M]
[ wrom . [0:H, 0:B, 0:5M]

T [0:P,O:H, 0:B,0:SM] 7 < [O:H, 0:B, 0:3M, 0:5M]
[0:B, 0:5M, O:N]
[0:B, 0:5M, ON] Data movement
" [0:B, 0:SM, O:N] heatmap

[0:B,0SM] < [O:B, 0:SM]

. [0:B, 0:5M]

<_[0:B, 0:5M, O:N]
[

<_[0:B, 0:5M, 0:emb]

[0:B, 0:5M, 0:emb]
¢ [0:B, 0:SM, D:emb]

7 (0B, 0:5M, 0:N]

[0:B, 0:5M, O:N]

{ [Q:B, OSM 0:N]

[0:B,0:SM] > [0:B, 0:5M]
¢ [0:B, 0:5M]

_[O:B, 0:5M, O:N]
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" [0:H, 0:B, 0:5M, 0:SM]__»

¢ [0:H, 0:B, C:SM, 0:5M]
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{ [0:H,0:B,0:SM]

7 [0:P, O:H, 0:B, 0:S © [0, 0:B, 0:5M, 0:SM] >

[0:H, 0:B, 0:SM, 0:SM]

[0:H, 0:B, 0:SM]

© [0:B, 0:SM, O:N]

_[0:B,0:SM, O:N]__

{ [0:H, 0:B, 0:5M, 0:5M]

7 [0:B, 0:5M, D:N]

C_[0B,0:SM] > < [OB, 0:SM]

. [0:B,0:SM]

7_[0:B, 0:5M, O:N]

_[0:B, 0:5M, O:emb]

" [0:B, 0:5M, 0:emb]

{ [0:B, O:SI\flj':O:emb] >

¢ [0:B, 0:5M, O:emb] -

)

[0:B, OSM O:emb]

[0:B, 0:5M, O:N]

[0:B, O:SI\"/in:':O:emb]

. [0:B, O:S‘M, 0:N]

Loops with
similar bounds

¢ [0:B, 0:5M] —[0:B, 0:5M]
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_[O:B, 0:5M, O:N]
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{[O:P, O:H, O:B, 0:5M] > < [0, O:H, 0:B,0: G

[0:H, 0:B, 0:SM, 0:5M]
[0:H, 0:B, 0:5M]

[0:H, 0:B, 0:SM, 0:SM]

. J [0, O:H, O:B, 0:SM] P
[0:H, 0:B, 0:5M] EalEsD
. "[0P,O:H, O:B, 0:SM]
[0:H, 0:B, 0:5M, 0:5M] e
=

" [0:H, 0:B, 0:5M, 0:5M]

¢ [0:H, 0:B, C:SM, 0:5M]

[0:H, 0:B, 0:SM]

7 [0:P, O:H, 0:B, 0:S © [0, 0:B, 0:5M, 0:SM] >

[0:H, 0:B, 0:SM, 0:SM]

[0:H, 0:B, 0:SM]

7 [0:B, 0:5M, O:N]

[0:B, 0:5M] [0:B, 0:5M]

0B, 0:5M, O:N]

o 05 on { [0:H, 0:B, o":jS"”M, 0:SM] O

{[0:B, 0:5M, O:N]

[0:B,0SM] < [O:B, 0:SM]

. [0:B,0:SM]

7_[0:B, 0:5M, O:N]

_C
einsum_gemm

{ [0:B, O:SI\flj':O:emb] >

¢ [0:B, 0:5M, O:emb]

[0:B, 0:5M, 0:emb]

¢ [0:B, 0:5M, O:emb] -

[0:B, OSM O:emb]

[0:B,0:SM] > < [0:B, 0:5M]

" [0:B, 0:SM]

¢_[0:B, 0:SM, O:N]

[0:B, O:SI\"/:,IjO:emb]

einsum_gemm
s
-

_ [0:B, 0:5M, O:N] T [0B, 0:5M, O:N]

[0:B, 0:5M] [0:B, 0:5M]

¢ [0:B,0:SM]
_[0:B, 0:SM, O:N]
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e
{ [0:P,0:H, 0:B,0:5M] < [O:P, :H, O:B, 0:5M]
=5 =2
{[0:P,0:H,08,05M] > ¢ [O:H, 0:B, 0:5M]
==y
=)

. [0:B, 0:SM, O:N]

7 [0:B, 0:5M, O:N]

. [0:B, 0:5M, 0:N]

[0:B,0:SM]  »  { [0:B, 0:5M]

Y r——— " TN
\

__[0:B, 0:SM]

{ [0:B, 0:SM, 0:N]
=)
[0:B, 0:5M, O:emb]
=)

. [0:B, 0:5M, O:N]

_[0:B, 0:SM, O:N]
. [0:B, 0:5M, O:N]

[0B,0:SM] > < [0:B, 0:5M]

{ [0:B,0:SM]
(_[0:B, 0:SM, O:N]
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= (=)

< [0:P,O:H, 0:B, 0:5M] > < [O:P, O:H, 0:B, 0:5M]
EE EZ

T [0:P,O:H, 0:B, 0:5M] > ¢ [0:H, 0:B, 0:SM]

7
{ [0:B, 0:SM, O:N]
\

[0:B, 0:5M, O:N]

. A
{ [0:B, 0:SM, 0:N]

OB8.0sM [0B.0SM] Operational intensity
¢ [0:B,05M]

heatmap

£ [0:B, 0:5M, O:N]
I
(=)
[0:B, 0:5M, D:emb]

==

{ [0:B, 0:5M, O:N]
A
£ [0:B, 0:SM, 0:N]

/.
¢ [0:B,0:SM, O:N] >

[0:B,0:SM] > ¢ [0:B, 0:5M]

L [0:B, O:SM] >

_[0:B, 0:5M, O:N]
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= =
{ [0:P, O:H, O;B, 0:SM] > < [0:P, O:H, 0:B, 0:SM]
E SIS

[0:P,OH, 0:B, 0:5M] > ¢ [0:H, 0:B, 0:5M]

= e =

AW J

£ [0:B, 0:5M, 0:N]
\

[0:B, 0:5M, O:N]

{ [0:P, O:H, 0:B, 0:SM]

. A
{ [0:B, 0:SM, 0:N]

[0:B,0SM] > [0:B, 0:SM]
 [0:B, 0:SM]

£ [0:B, 0:5M, O:N]
.

LUy

[0:B, 0:5M]

'

; ’ |
[0:B, 0:5M, O:emb] < [0:B, 0:SM, 0:emb]
1

4

{ [0:B, 0:5M, O:N]
N\
£ [0:B, 0:SM, 0:N]

/
[0:B, O:SM] 5

/.
¢ [0:B,0:SM, O:N] >

[0:B,0:SM] > ¢ [0:B, 0:5M]

< [0:B, 0:5M]

_[0:B, 0:5M, O:N]

5

[0, O:H, 0:B, 0:5M] ¢ [O:P, O:H, 0:B, 0:SM]

e =
v | e

[0:H, 0:B, 0:5M]

7/

N
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.
s g

{[0:P,0:H, O:B, 0:5M] < [0:P, O:H, O:B, 0:5M]
C10:P.0H, 08, 05M] > [0H, 0B, 0SM]
T -
b < [0:P, 0:H, 0:B, 0:SM]

)
einsum_gen

{

J
[0:B, 0:SM, 0:N]
\

16-core Intel Xeon Gold 6130 at 2.1 GHz, 1.5 TB RAM

¢ [0:P, O:H, 0B, 0:5M]

[0:H, 0:B, 0:SM, 0:5M]

<
o o

(TO:P, O:H, O:B, 0:5M]

[0:H, 0:B, 0:5M]

<_[0:H, 0:B, 0:5M, 0:SM]

¢ [0:H, 0:B, 0:5M, 0:5M]
[[omrme ) [0:H, 0:B, 0:5M]
. [0:P, O:H, 0:B, 0:5M]

5 T0:H, O:B, 0:5M, 0:5M]

[0:B, 0:5M, O:N] [0, O:H, O:B, 0:5M]

[0:H, 0:B, 0:SM]

A
[0:B, 0:SM, 0:N]

[0:B, 0:5M] [0:B, 0:5M]

[0:B, 0:SM]

£ [0:B, 0:5M, O:N]
b
I»—‘

[0:B, O:SM; 0:emb]

e,

{ [0:B, 0:5M, O:N]

\
" [0:B, 0:SM, O:N]

[0:B, O:SM’; 0:emb]

.
’—\ = /—‘T

7
[0:B, Q:SM]

/.
¢ [0:B, 0:5M, 0:N]

[0:B, 0:5M] [0:B, 0:5M]

[0:B, 0:SM]

[0:B, 0:5M, O:N]

[0:B, 0:5M, 0:N]

[0:B, 0:SM, O:N]

£ [0:B, 0:5M, O:N]

[0:B, 0:SM] [0:B, 0:SM]

[0:B, 0:5M]

_[0:B, 0:5M, O:N]
==

<_[0:B, 0:5M, 0:emb]

[0:B, 0:5M, 0:emb]
. [0:B, 0:5M, D:emb]

¢ [0:B, 0:SM, 0:N]

30.2x Speedup

[0, 0:5M, O:N]

| [O:B, 0:SM, O:N]

[0:B, 0:5M] [0:B, 0:SM]

' [0:B.0:5M]

(_[O:B, 0:5M, O:N]
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C=A®B  A€ERN,BERMCeRVM

?/’

[i=0:N, j= OM]

C[i, j1 = Alll * B[]

\ [i=0:N, j=0:M]
CZE
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C=A®B  A€ERN,BERMCeRVM

?/’

[i=0:N, j= OM]

C[i, j1 = Alll * B[]

\ [=0:N, j=0:M]
ﬂ Specify program region
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C = ARB A€eR3,BeR* ceRr¥**

Specify small example

Ql ’ input parameters

\ [i=0:N, j=0:M]
S Specify program region
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Close-Up Reuse Analysis —(ETIEFETAmTeT)

C = ARB A€eR3,BeR* ceRr¥**

Specify small example A B

(?l ’ input parameters (T[]

[IONJOM] v

0 . 2 0
Cli. ] = Ali]* B — 1

Cl1, )] = Ali] * B[j]

\ [i=0:N, j=0:M] l
S Specify program region
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w E RCoutxcinXKyXKX Cout = ?
KY = 4‘

4D weights of a convolution Ky =4
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w E IRLCout ~Cin>:KyXKX Cout =2 KX —
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KX == 4‘
Ky = 4‘
\ )
Cout = 2 -

Cin =3
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k=0:5

m=0:3

0@
0

4

0@
0

200 @

ky=0:3

0

yIi, 3 k1] 4= x[i, m, ktky, IFRx] * wij, m, ky, kx]

Convolution operation
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. Access Pattern Simulation R

Visually play back access pattern

m=0:3 ky=0:3
0@ 210 @ 2
0 0

v[i, J, k, 1] +=x[1, m, k+ky, I+kx] * w[j, m, ky, kx]
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Access Pattern Simulation
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Data Layout Visualization
A float64 / double =
element size = 8 bytes

e b Determine cache line

l using strides, line size,

and element size
/i=0: o =0:15 | k=0:10_
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C[i, j] += A[L k] * B[k, j]
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Data layout & access
pattern - spatial locality




Temporal Locality

Stack distance, cache line granularity

Accesses to unigue addresses

since last reference
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Cache Misses

B
Median: 4 [
1. Cold miss Min: 3
fox:4
Access with stack distance = oo 'SseS: 13
2. Capacity miss Assuming LRU
Access with stack distance = ¢t v i Physical data movement =
istance threshold . = : : :
stack d /1=0:9 i=0:15 =0 I(N #misses x cache line size
3. Conflict miss 0 :— 8|0 :— 14] 0 :— 9

Not counted in fully-associative
cache

Cli, j1+= A[L, k] * B[k, j]

Calculations l

generalizeable [1][2]

[1] McKinley and Temam, Quantifying Loop Nest Locality Using SPEC’95 and the Perfect Benchmarks C

[2] Beyls and D’Hollander, Reuse distance as a metric for cache behavior 40
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Accesses spread over non-

Stencil Optimization

contiguous dimension

[=8 in_field [I+4, J+4, K]
J=38
K=5 1

coeff [I, J, K]
c C C O
ontiguo dime 0
Original sizes:
o 0:8 0:8 k=0:5
— 1=0: j=0: =0
J =256 ) @—— 7 01—700—4
K =160 0 0 0
Scaling Factor x32 hdiff

out field [, J, K]
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I imi : Reshape dat tai
Stencil Optimization
field [K, I+4, J+4] Poor use of cache

n .
‘ 1CE LOresnold.

I =8
J=38
K=5 | [ D | e |

coeff [K, I, J]

e

1=0:8 1=0:8 k=0:5
I e— 7|0 @— 7|0 @— ¢
0 0 0

Better use of spatial locality S

hdift
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Stencil Optimization

| =8 in_field [K, [+4, J+4]
J] =28
K=5

Iterates over coeff [K, I, 1]
contiguous dimension

Reorder loops /
| Reorder loops MRS TR

I — 1| 0@0— 7|0 @— 7
0 0 0

hdift

out field [K, I, J]
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16-core Intel Xeon Gold 6130 at 2.1 GHz, 1.5 TB RAM

Stencil Optimization

in field [1+4, J+4, K] in field [K, I+4, J+4]

coeff [I, J, K] coeff [K, I, J]

I
159KB 14375 KB

\ |
20KB 2.5KB

i=0:8 | j=0:8 | k=0:5 =05 | =08 | j=0:8

0@ 7l0e 7l0@ 4 (@— 4|0 @— 7|0 @— 7
0 0 0 0 0 0
hditf hdift
20KB 2.5KB

Predicted 10.3x reduction
in data movement

out field [I. J. K] out field [K, I, ]]

138x Speedup

9.6x Reduction in cache misses
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Conclusion

Global Data Movement
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Fine-Grained Data Reuse
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coeff I, J, K]

M

\ out field [I, I. K]
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